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Polarization-dependent heating of the cosmic microwave background radiation by a
magnetic field
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The changes in the cosmic microwave background (CMB) spectrum seen as an increase of tem-
perature due to a strong magnetic field are determined and their influence on the polarization of the
radiation is exhibited. The effect is due to the coupling of the CMB photons to the magnetic field in
the QED vacuum via the interaction with virtual pairs. In spite of the fact that the distortion of the
CMB spectrum for magnetic fields that exist in the vicinity of magnetars is quite large, this effect
is very difficult to detect at present because the required angular resolutions is not yet available.
PACS numbers: 98.70.Vc, 98.62.En, 12.20.-m
I. INTRODUCTION
The most fascinating explanation of recent observa-
tions of the polarization of the CMB radiation [1] is the
hypothesis of primordial gravitational waves. However,
there are other sources of polarization-dependent defor-
mations of the CMB spectrum that have been pointed
out (galactic dust [2] and topological defects [3, 4]).
In this paper we explore a similar effect: the
polarization-dependent distortion of the CMB spectrum
in the presence of magnetic fields. The coupling of the
magnetic field to the CMB is due to the field-dependent
QED vacuum polarization. In order to determine pre-
cisely this effect we quantize electromagnetic waves prop-
agating on the magnetic background. Then we consider
the properties of the thermal state of the quantized ra-
diation. In our analysis we shall use the results obtained
previously in the classical theory [5, 6].
II. CANONICAL FORMULATION OF THE
FIELD DYNAMICS
Our starting point is a relativistic Lagrangian L(S, P )
where S and P are the scalar and the pseudoscalar in-
variants of the electromagnetic field,
S = −1
4
fµνf
µν =
1
2
(E2 − c2B2), (1a)
P = −1
4
fµν fˆ
µν = cE ·B. (1b)
We will employ the Heisenberg-Euler Lagrangian LHE
derived in QED [7] under the assumption that the electric
and magnetic fields do not change in space and time,
LHE = ǫ0
[
S + αE2c
∫ ∞
0
dη
e−η
η3
(
1− ηa
tan(ηa)
ηb
tanh(ηb)
− η
2
3
(a2 − b2)
)]
, (2)
where α is the fine structure constant and Ec =
m2c3/e~ = 1.32 × 1018V/m is the characteristic value
of the electric field built from the electron mass and the
universal constants, called the critical field by Heisenberg
and Euler. The corresponding magnetic critical field is
Bc = 4.4 × 109T. The invariants S and P enter the La-
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grangian (2) through the expressions:
a =
√√
S2 + P 2 − S /Ec, (3a)
b =
√√
S2 + P 2 + S /Ec. (3b)
The Heisenberg-Euler Lagrangian can also be used for
fields whose variation in space and time is slow on the
characteristic quantum scale: ~/mc = 3.86 × 10−13m
and ~/mc2 = 1.288× 10−21s. We apply the theory based
on this Lagrangian to the description of the cosmic mi-
crowave background (CMB) radiation in the presence of
a magnetic field.
2Following the procedure introduced in Ref. [5], we sep-
arate the electromagnetic field into a strong, constant
magnetic field B and a weak wave (e, b),
S =
1
2
(
e
2 − c2(B + b)2) , (4)
P = ce · (B + b). (5)
Next, we expand the Lagrangian keeping only the
quadratic terms in (e, b) (linear terms do not contribute
to the equations of motion),
L(2) =
1
2
[
γs(e
2 − c2b2) + γssc2(B · b)2 + γppc(B · e)2
]
,
(6)
where
γs =
∂LHE
∂S
, γss =
∂2LHE
∂S2
, γpp =
∂2LHE
∂P 2
. (7)
These derivatives of the Heisenberg-Euler lagrangian are
to be evaluated at S = −c2B2/2 and P = 0. Aiming at
the quantization of the (e, b) fields, we find it more con-
venient to use not the Lagrangian but the Hamiltonian
formulation. The classical Hamiltonian expressed as a
function of divergenceless canonical fields d = ∂L(2)/∂e
and b has the form:
H =
∫
d3r
[ 1
2γs
d(r, t) · 1 + κp(1− Pˆ )
1 + κp
· d(r, t)
+
γsc
2
2
b(r, t) · (1− κsPˆ ) · b(r, t)
]
, (8)
where Pˆ = (B ∧B)/B2 is the projector on the direction
of the magnetic field and
κp = γppc
2
B
2/γs, κs = γssc
2
B
2/γs. (9)
The canonical evolution equations for d and b, obtained
from the Lagrangian L(2), are:
∂td(r, t) = γs∇ × (1− κsPˆ )b(r, t), (10a)
∂tb(r, t) = − 1
γs
∇× 1 + κp(1− Pˆ )
1 + κp
d(r, t). (10b)
These equations have a complete set of solutions in the
form of normalized monochromatic complex mode vec-
tors. Each mode has the d part and the b part,
d
‖
k(r, t) = N
√
γsω‖m e
−iω
‖
t+ik·r
, (11a)
b
‖
k
(r, t) = Nc|k|
√
1
γsω‖
(m× n) e−iω‖ t+ik·r, (11b)
d
⊥
k
(r, t) = Nc|k|
√
γs
ω
⊥
(m× n) e−iω⊥ t+ik·r, (11c)
b
⊥
k (r, t) = −N
√
ω
⊥
γs
m e−iω⊥ t+ik·r, (11d)
where
N =
1√
2(2π)3
, n =
k
|k| , m =
k ×B
|k ×B| . (12)
Following Adler [6], we called these modes parallel (the b
field lies in the Bk-plane) and perpendicular (the b field
perpendicular to this plane). The mode frequencies are
given by the following formulas:
ω
‖
=
c|k|
n
‖
, ω
⊥
=
c|k|
n
⊥
, (13)
where the two refractive indices are:
n
‖
=
1√
1− κs sin2 θ
= 1 +∆n
‖
, (14a)
n
⊥
=
√
1 + κp
1 + κp cos2 θ
= 1 +∆n
⊥
, (14b)
and θ is the angle between the direction of propagation
n and the direction of the magnetic field. The whole in-
formation about the nature of nonlinearity is contained
in two functions of the magnitude of the magnetic field,
κs and κp. For the Heisenberg-Euler Lagrangian these
functions do not have a closed form; they were evaluated
numerically using Mathematica [8]. Note that the mag-
netic field has no effect on waves propagating along the
field (θ=0). In Fig. 1 we show the changes ∆n
‖
and ∆n
⊥
in the refractive indices as functions of the magnetic field
B when the effect is the largest; the direction of the field
is perpendicular to the direction of observation. In Fig. 2
we show the variation of the refractive indices with the
angle of observation for the critical magnetic field Bc.
III. QUANTIZATION OF RADIATION IN THE
MAGNETIC BACKGROUND
Having found a complete set of modes, we can con-
struct field operators as the following linear combinations
of the annihilation and creation operators,
dˆ(r, t) =
√
~
∑
λ
∫
d3k dλk(r, t)aλ(k) + h.c. (15a)
bˆ(r, t) =
√
~
∑
λ
∫
d3k bλ
k
(r, t)aλ(k) + h.c., (15b)
where the index λ takes on the values ‖ and ⊥. The
standard commutation relations between the annihilation
and creation operators,
[aλ(k), a
†
λ′(k)
′] = δλλ′δ(k − k′), (16)
guarantee the correct canonical commutation relations
between the field operators,
[bˆi(r, t), dˆj(r, t)] = i~ǫijk∂kδ(r − r′). (17)
3These relations confirm that the fields d and b (and not
e and b) form the canonically conjugate pair of fields [9].
Their commutation relations are universal since they do
not depend on the properties of the medium (in our case
the background magnetic field). The substitution of the
field operators into the formula (8) gives the quantum
energy operator,
Hˆ =
∑
λ
∫
d3k ~ωλ a
†
λ(k)aλ(k). (18)
IV. SPECTRAL PROPERTIES OF THE CMB
RADIATION
In the thermal state at the temperature T the density
matrix ρˆ is an exponential function of the Hamiltonian
(18),
ρˆ = exp(−βHˆ)/Tr{exp(−βHˆ)}, β = 1/kBT. (19)
In the presence of the magnetic field, the Hamiltonian
(18) contains the modified frequencies (13). The average
density of the CMB photons per unit volume nλ(k) in the
thermal state with the wave vector k and polarization λ
is:
< nλ(k) >= Tr{ρˆa†λ(k)aλ(k)} =
1
(2π)3(eβ~ωλ − 1) .
(20)
The influence of the magnetic field on the spectrum shows
through the modification of the frequencies. Since both
refractive indices nλ are greater than one, the spectrum
of the CMB radiation looks like coming from regions of
higher effective temperature Teff = nλT . An important
characteristic feature of the spectrum is its dependence
on the polarization; the effective temperature for the per-
pendicular polarization is larger than the effective tem-
perature for the parallel polarization. The change in the
temperature due to the change of the refractive index
is quite large for strong magnetic field. Already for the
critical field the increase in temperature is 2.4mK for the
perpendicular mode and 0.9mK for the parallel mode.
These values exceed by far the standard deviations in
the measurements of the CMB temperature.
The characteristic dependence of the observable tem-
perature of the CMB radiation on polarization would
be helpful in identifying regions where there exist very
strong magnetic fields. The strongest magnetic fields in
the Universe exist in the vicinity of magnetars [10]. Un-
fortunately, the predicted distortion of the CMB spec-
trum by those fields cannot be detected with the present
observational means. The problem lies in the smallness
of the region where the magnetic field is strong, coupled
with the large distance to the nearest magnetar. One may
hope that in the future the QED effects of strong mag-
netic fields will be accessible to observations due to im-
provements in angular resolution and in the precision of
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FIG. 1. The change in the refractive indices ∆n
‖
(lower curve)
and ∆n⊥ (upper curve) induced by the background magnetic
field B.
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FIG. 2. The change in the refractive indices ∆n
‖
(lower curve)
and ∆n⊥ (upper curve) for the critical magnetic field as a
function of the angle between the magnetic field and the di-
rection of observation.
the measurements of temperature fluctuations in CMB.
At present one may hope to use the calculated effects of
magnetic fields on the polarization only when the exten-
sion of regions with strong magnetic fields is much larger
than that in the vicinity of magnetars.
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